Abstract. Let M be a globally hyperbolic maximal compact 3-dimensional spacetime locally modelled on Minkowski, anti-de Sitter or de Sitter space. It is well known that M admits a unique foliation by constant mean curvature surfaces. In this paper we extend this result to singular spacetimes with particles (cone singularities of angles less than π along time-like geodesics).
Introduction
Globally hyperbolic maximal compact (GHMC) (2 + 1)-dimensional spacetimes with constant curvature have attracted the attention of the mathematical community after the pioneering work of Mess ([Mes07] ), who pointed out many connections with Teichmüller theory. Although the local geometry of these manifolds is trivial, being locally isometric to Minkowski, anti-de Sitter or de Sitter space, the global geometry is more complicated but well-understood at least in the classical, nonsingular context. Namely, after the works of Barbot, Béguin and Zeghib ( [BBZ11] , [BBZ03] ), we have a satisfactory description of their geometry in terms of foliations by constant mean curvature surfaces (called H-surfaces henceforth) and constant Gauss curvature surfaces (in brief K-surfaces).
The aim of this paper is to provide such a description also for convex globally hyperbolic maximal (CGHM) (2 + 1)-dimensional spacetimes with particles. These are Lorentzian manifolds locally modelled on Minkowski, anti-de Sitter or de Sitter space, whose metrics present cone singularities of angle θ i ∈ (0, π) along a finite number of time-like geodesics l i . They turn out to be interesting objects to study both from a mathematical and from a physical point of view, being them connected with the Teichmüller theory of surfaces with marked points [KS07] and modelling the presence of point particles in 3d gravity ( [Hoo93, Hoo96] ).
This program has already been started by the first author and Jean-Marc Schlenker in [CS16] and [CS17] , where the existence and uniqueness of the foliation by Ksurfaces is proved for anti-de Sitter and de-Sitter manifolds with particles. In this paper we address the question about the constant mean curvature foliation and we obtain the following result:
Theorem 0.1. Let M be a CGHM Minkowski, anti-de Sitter or de-Sitter manifold with particles. Then M admits a unique foliation by constant mean curvature surfaces orthogonal to the singular lines.
Our proof of this theorem is actually different in the flat and non-flat case. In the anti-de Sitter and de-Sitter setting we exploit the aforementioned results about the existence and uniqueness of the foliation by constant Gauss curvature surfaces orthogonal to the singular lines and deduce Theorem 0.1, using the fact that every H-surface is at constant time-like distance from a K-surface, where H can be expressed explicitly as a function of K. This is an elementary but new observation and we deduce, in particular, that the existence of a foliation by constant mean curvature surfaces implies the existence of the foliation by constant Gauss curvature surfaces. This is surprising as H-surfaces are described by quasi-linear elliptic PDE, whereas the differential equation defining surfaces with constant Gauss curvature is fully non-linear. Moreover, this holds also in the smooth setting, thus obtaining a new proof of the results in [BBZ03] .
On the other hand, in the flat case we prove Theorem 0.1 by introducing a new parametrisation of the deformation space GH 0 θ (Σ p ) of CGHM Minkowski manifolds with particles, where Σ p denotes a closed surface Σ of genus τ with marked points p = (p 1 , . . . , p n ) such that χ(Σ, θ) = 2 − 2τ + n i=1 θ i 2π − 1 < 0 and θ = (θ 1 , . . . , θ n ) ∈ (0, π) n represents the cone angles of the cone singularities of the CGHM Minkowski metrics on the manifold Σ p × R along the time-like lines {p i } × R. For every fixed H ∈ (−∞, 0), we define a map Φ H : T * T θ (Σ p ) → GH 0 θ (Σ p ) which associates to every point (h, q) ∈ T * T θ (Σ p ), where h ∈ T θ (Σ p ) is a hyperbolic metric with cone singularities of angle θ i at p i , and q is a meromorphic quadratic differential (with respect to the conformal class of h) with at most simple poles at the marked points, the isotopy class of the CGHM Minkowski manifold with particles containing an embedded H-surface orthogonal to the singular lines with induced metric I = e 2u h and second fundamental form II = ℜ(q) + HI. Here the function u : Σ p → R is the solution of an elliptic PDE, which translates the fact that the operator B = I −1 II must satisfy the Gauss equation. We then prove the following:
Theorem 0.2. The map Φ H : T * T θ (Σ p ) → GH 0 θ (Σ p ) is a homeomorphism for every H ∈ (−∞, 0).
We thus deduce the existence of a unique H-surface S H orthogonal to the singular lines in every CGHM Minkowki manifolds with particles. Moreover, by studying the relation between K-surfaces and H-surfaces in Minkowski manifolds, we obtain that the family {S H } H<0 provides a foliation of the whole manifold as a consequence of the following result:
Theorem 0.3. Let M be a CGHM Minkowski manifold with particles. Then it admits a unique foliation by constant Gauss curvature surfaces orthogonal to the singular lines.
We also underline the fact that the existence of surfaces with prescribed Gauss or mean curvature is obtained in this paper without using the classical barrier arguments or exploiting the results of the non-singular case, thus our techniques provide also a new proof of the results in [BBZ11] .
Outline of the paper. In Section 1 and Section 2 we recall the main definitions and well-known results about hyperbolic metrics with cone singularities on surfaces and (2+1)-dimensional spacetimes with particles. Section 3 is dedicated to the proof of Theorem 0.2 and to the study of constant Gauss curvature and constant mean curvature foliations of CGHM Minkowski manifolds with particles. Theorem 0.1 is proved for the anti-de Sitter manifolds in Section 4 and for de Sitter manifolds in Section 5.
Teichmüller space of hyperbolic metrics with cone singularities
In this section we introduce hyperbolic metrics with cone singularities and their deformation space. The material covered here is classical, the main purpose being fixing the notation and recalling the main results that we are going to use in the sequel.
1.1. Hyperbolic metrics with cone singularities. Let Σ be a closed oriented surface of genus τ with n marked points p 1 , . . . , p n . Let p = (p 1 , . . . , p n ). We will denote by Σ p the surface Σ with the marked points p removed. Let us fix an n-tuple of angles θ = (θ 1 , . . . , θ n ) ∈ (0, π) n .
Let θ ∈ (0, 2π). We first recall the local model of a hyperbolic metric with a cone singularity of angle θ. Let H 2 be the Poincaré model of the hyperbolic plane. The local model is constructed in the following way: consider two half-lines in H 2 which intersect at the center O and bound a wedge of angle θ at O, and then glue the two half-lines by a rotation fixing O. The resulting space is denoted by H θ , called the hyperbolic disk with cone singularity of angle θ, endowed with the metric that in polar coordinates assumes the form: g H θ = dr 2 + sinh 2 (r)dφ 2 , r ∈ R + , φ ∈ R/θZ . Definition 1.1. A metric on Σ p with cone singularities of angles θ at p is a smooth metric g with constant sectional curvature −1 on Σ p such that for every i = 1, . . . , n, there exists a neighborhood U i in Σ of p i , such that the metric g | U i \{p i } is the pull back by a local diffeomorphism ψ i (which satisfies a regularity condition near p i ) of the metric g H θ i .
Remark 1.2. Note that the hyperbolic metrics near cone singularities throughout this paper satisfy a technical assumption. That is, they satisfy a regularity condition such that the local diffeomorphism ψ i used in Definition 1.1 belongs to a certain type of weighted Hölder spaces (see [GR15, Section 2.2] for more details). This ensures the existence of harmonic maps from Riemann surfaces with marked points to hyperbolic surfaces with cone singularities at the marked points (see [GR15, Theorem 2]).
For a hyperbolic metric with cone singularities of angles θ at p, there exists a conformal coordinate z in a neighborhood U i of p i such that
where u i : U i → R is a continuous bounded function and β i denotes the defect
We will always assume from now on that τ and β i satisfy
This guarantees ( [Tro91] ) that the surface Σ p admits a hyperbolic metric with cone singularities of angles θ i at the marked points p i .
Remark 1.3. The choice of considering singularities of angles θ i < π ensures that at each marked point p i , we can always find a neighborhood of fixed radius (depending only on θ i ) isometric to a neighborhood of the singular point in H θ i , such that it does not contain any other singularities p j for j = i (in other words, the Collar Lemma still holds near cone singularities, see [DP07, Theorem 3] for more details).
We denote by T θ (Σ p ) the set of hyperbolic metrics on Σ p with cone singularities of angles θ = (θ 1 , . . . , θ n ) ∈ (0, π) n at p = (p 1 , . . . p n ), up to diffeomorphisms of Σ isotopic to the identity (by an isotopy that fixes each marked point p i ).
1.2. Codazzi operators and the tangent space of T θ (Σ p ). We recall the identification between the tangent space of T θ (Σ p ) and the space of meromorphic quadratic differentials on Σ p with at most simple poles at the marked points. Meromorphic quadratic differentials on Σ p are then linked to Codazzi operators. These notions will play a fundamental role in Section 3.
A Codazzi operator b on a hyperbolic surface (Σ p , g) with cone singularities is a smooth g-self-adjoint operator on the tangent bundle of Σ p that satisfies the Codazzi equations
= 0 for all vector fields X, Y on Σ p , where ∇ g is the Levi-Civita connection of g. Moreover, we require some regularity at the singular points: we assume that
where A g is the area form of the singular metric g, and · denotes the operator norm with respect to the metric g. In this case we say that b is integrable and we write b ∈ L 2 (Σ p , g).
Traceless Codazzi operators on (Σ p , g) are related to meromorphic quadratic differentials on Σ p and the integrability condition is linked to the order of the poles. Let us explain this relation in more details. Let q be a meromorphic quadratic differential on Σ p with respect to the conformal class of the hyperbolic metric g: by this we mean that q is holomorphic on Σ p and possibly with poles at the marked points p i . We can define the operator b q by the relation
for all vector fields X, Y on Σ p . Proposition 1.4. The operator b q is traceless and Codazzi, and it is integrable if and only if q has at most simple poles at the singular points. Moreover, b q extends continuously to 0 at the singular points.
Proof. Let z be a conformal coordinate centered at the puncture p i . In a neighbourhood U i of p i we can write
where u i : U → R is a continuous function and β i ∈ (−1, −1/2). The operator b q can thus be expressed as
Clearly, b q is traceless and an easy computation shows that the Cauchy-Riemann equations for f on U i \ {p i } are equivalent to the Codazzi condition for b q . Moreover,
is finite if and only if f has at most a simple pole at p i . If q has at most simple pole at p i , we deduce that |f (z)| 2 ≤ C|z| −2 , hence b q 2 ≤ C|z| −4β i −2 , which tends to 0 as |z| → 0 by our assumption on the cone angles.
Conversely, given a traceless, Codazzi and integrable operator b on (Σ p , g), there exists a unique meromorphic quadratic differential q on Σ p with at most simple poles at singularities with respect to the conformal class of g, such that
for all vector fields X, Y on Σ p .
In this way, we can identify the tangent space of T θ (Σ p ) at g with the space of meromorphic quadratic differentials on Σ p (with respect to the conformal class of g) with at most simple poles at the marked points. The identification goes as follows (see [Tou15] ) for more details). Let g t be a path of hyperbolic metrics on Σ p with cone singularities of angles θ at p. The tangent vector
where L V denotes the Lie derivative of g 0 induced by an element V in the Lie algebra of the group of diffeomorphisms of Σ p isotopic to the identity, and h is an integrable, divergence-free and traceless bilinear form. This implies that b = g −1 0 h is an integrable, Codazzi and traceless operator, hence it is the real part of a meromorphic quadratic differential q. Moreover, the integrability condition on b implies that q has at most simple poles at the marked points.
Geometric models
In this section we introduce the local models for (2 + 1)-spacetimes with particles and constant sectional curvature. We will also recall the notion of global hyperbolicity and the theory of space-like embeddings of surfaces.
2.1. Minkowski space with cone singularities. We will denote by R 2,1 the 3-dimensional Minkowski space. Given θ ∈ (0, π), the Minkowski space with cone singularities of angle θ along a time-like geodesic is obtained according to the following procedure. Consider two totally geodesic time-like half-planes intersecting at a time-like geodesic l bounding a wedge of angle θ, cut out the wedge and re-glue the two time-like half-planes by a rotation fixing the line l. An easy computation in polar coordinates shows that the resulting space R 2,1 θ is endowed with the metric
which carries cone singularities of angle θ along the time-like line l = {r = 0}.
2.2. Anti-de Sitter space with cone singularities. We first recall the definition of the classical anti-de Sitter space and we then introduce cone singularities along time-like geodesics.
Let R 2,2 be the real 4-dimensional vector space endowed with the bilinear form of signature (2, 2):
x, y 2,2 = −x 0 y 0 + x 1 y 1 + x 2 y 2 − x 3 y 3 . We define the anti-de Sitter (AdS) space as
It is easy to verify that AdS 3 is a 3-dimensional manifold, diffeomorphic to a solid torus, and the restriction of the bilinear form ·, · 2,2 to the tangent space of AdS 3 induces a Lorentzian structure of constant sectional curvature −1.
In order to introduce cone singularities, it is more convenient to work in the universal cover. Let us consider here the hyperbolic plane H 2 realised as one connected component of the two-sheeted hyperboloid in Minkowski space. That is,
is a diffeomorphism, hence H 2 ×S 1 is isometric to the anti-de Sitter space, if endowed with the pull-back metric
We easily deduce that the universal cover of anti-de Sitter space can be realised as AdS 3 ∼ = H 2 × R endowed with the Lorentzian metric:
By considering polar coordinates on H 2 , the universal cover of anti-de Sitter space can be parameterised as
and the Lorentzian metric can be written as
We now introduce cone singularities along time-like lines in this model. Let θ > 0. The anti-de Sitter (AdS) space with cone singularities of angles θ is obtained according to the following procedure: consider two totally geodesic time-like halfplanes in AdS 3 intersecting along the time-like geodesic l = {ρ = 0} and bounding a wedge of angle θ, cut the wedge along these two half-planes and then re-glue the two sides of the wedge by a rotation fixing l. We will denote by AdS θ the resulting 3-manifold, called the AdS space with cone singularities of angle θ. We call the line l the singular line in AdS θ and call θ the total angle around the singular line l. It is clear from the construction that a parametrisation of AdS θ is given by
and it is endowed with the Lorentzian metric
We notice, in particular, that g AdS θ carries cone singularities of angle θ along the line l and outside this line the metric is smooth and with constant sectional curvature −1.
2.3.
De Sitter space with cone singularities. Now we introduce the related notion in the de Sitter setting. Consider the real 4-dimensional vector space R 3,1 endowed with the bilinear form of signature (3, 1):
The de Sitter (dS) space is defined as the set:
It is a 3-dimensional manifold diffeomorphic to S 2 × R, where S 2 is a unit sphere, and the restriction of the bilinear form ·, · 3,1 to the tangent space of dS 3 induces a Lorentzian metric of constant sectional curvature +1. It is time-orientable and we choose the time orientation for which the curve t → (sinh t, cosh t, 0, 0) is future-oriented. The group Isom 0 (dS 3 ) of time-orientation and orientation preserving isometries of dS 3 is SO + (3, 1) ∼ = P SL 2 (C). Indeed, the map
(ϕ, α, t) → (sinh t, cosh t sin ϕ cos α, cosh t sin ϕ sin α, cosh t cos ϕ) is a diffeomorphism, hence S 2 × R is isometric to dS 3 , if endowed with the pull-back metric
We now introduce cone singularities along time-like lines in this model. Let θ > 0. We define the de Sitter space with cone singularities of angle θ as the space
with the metric
We call R × {0, π} × R/θZ the singular line in dS θ 0 and call θ the total angle around this singular line. One can check that dS θ is a Lorentzian manifold of constant sectional curvature +1 outside the singular line. Indeed, it is obtained from the spherical surface with two cone singularities of angle θ by taking a warped product with R.
2.4. Convex GHM spacetimes with particles. Let us denote by X θ any one of the models AdS θ , dS θ or R 2,1 θ introduced above. We are interested in a special class of manifolds locally modelled on X θ .
A constant curvature cone-manifold is a connected, Lorentzian 3-manifold M in which every point p has a neighbourhood isometric to an open subset of X θ for some θ > 0. If θ can be taken to be equal to 2π, we say that p is a regular point, otherwise θ is uniquely determined and we say that p is a singular point.
In order to define the notion of global hyperbolicity in this singular context, we need to introduce the concept of orthogonality along the singular locus.
Definition 2.1. Let S ⊂ X θ be a space-like surface which intersects a singular line l at a point p. We say that S is orthogonal to l at p if the causal distance d to the totally geodesic plane P orthogonal to the singular line at p satisfies
where d S (p, q) is the distance between p and q on the surface S. Similarly, if S is a space-like surface embedded in a constant curvature conemanifold M which intersects a singular line l ′ at a point p ′ , we say that S is orthogonal to l ′ at p ′ if there exists a neighbourhood U ⊂ M of p ′ isometric to a neighbourhood of a singular point in X θ for some θ ∈ (0, π), such that the restriction of this isometry sends S ∩ U to a surface orthogonal to l ′ in X θ .
Remark 2.2. The orthogonality condition ensures that the induced metric on the surface S carries cone singularities of the same angle as the total angle around the singular line at the intersection with the singular locus ( [KS07] ). Definition 2.3. A Convex Globally Hyperbolic Maximal (CGHM) manifold with particles is a constant curvature cone-manifold M homeomorphic to Σ × R such that the singularities along the time-like lines {p i } × R have fixed cone angles θ i ∈ (0, π). It also satisfies the following conditions:
• Convex Global Hyperbolicity: M contains a strictly future-convex space-like surface (called Cauchy surface) which intersects every inextensible causal curve in exactly one point and which is orthogonal to the singular locus.
• Maximality: if M ′ is another manifold with particles and φ : M → M ′ is any isometric embedding sending a Cauchy surface to a Cauchy surface, then φ is a global isometry.
Remark 2.4. The convexity condition on the Cauchy surface is a technical assumption that guarantees the existence, in the anti-de Sitter setting, of the non-empty smallest convex subset of M homotopic equivalent to M , called the convex core. We do not know if every globally hyperbolic maximal AdS manifold always contains a convex Cauchy surface.
Remark 2.5. By Definition 2.3 a CGHM manifold with particles modelled on de Sitter or Minkowski space is naturally future complete.
2.5. Surfaces in CGHM manifolds with particles. The classical theory of immersions of space-like surfaces into pseudo-Riemannian manifold can be adapted to this singular setting.
Let S ⊂ M be a space-like surface embedded in a CGHM manifold with particles. Suppose that S is orthogonal to the singular lines. The restriction of the Lorentzian metric on M to the tangent space of S induces a Riemannian metric I, called the first fundamental form, which carries a cone singularity at the intersection with the singular line {p i } × R of the same angle θ i . The shape operator B : T S → T S is defined as
where η is the future-directed unit normal vector field on S and ∇ is the LeviCivita connection of M . It turns out that B is self-adjoint with respect to the first fundamental form, hence B is diagonalisable at every point and its eigenvalues are called principal curvatures of S. The second fundamental form is the bilinear form on T S defined by
The mean curvature of S is then defined as
We say that a space-like surface S ⊂ M orthogonal to the singular lines is (strictly) future-convex (resp. past-convex ) if its future I + (S) (resp. its past I − (S)) is (strictly) geodesically convex. With our convention, S is future-convex (resp. partconvex ) if and only if at each regular point of S the principal curvatures are negative (resp. positive).
We recall that for space-like surfaces embedded in manifolds locally modelled on X θ the classical Gauss-Codazzi equations assume the following form:
Codazzi equation
where ∇ I is the Levi-Civita connection of I, K I denotes the Gauss curvature of the induced metric I, and Sec(X) is the sectional curvature of the regular set X of model space X θ .
Remark 2.6. Following the convention of [Tro91] , we only consider metrics on Σ p , whose Gauss curvature extends to a continuous function at p.
We concule this section with an elementary result that will be crucial in the sequel.
Proposition 2.7. Let S ⊂ M be a space-like surface embedded in CGHM manifold with particles. Suppose that S is orthogonal to the singular lines and has constant mean curvature H. Then the trace-less part of the shape operator of S is integrable.
Proof. Let us write B = B 0 + HE and denote with λ the positive eigenvalue of B 0 . We need to prove that
By the Gauss-Bonnet formula for surfaces with cone singularities ([Tro91, Proposition 1]) and the Gauss equation we have
and the result follows since H and Sec(X) are constant.
The Minkowski case
Let Σ p be a closed, oriented surface with fixed n marked points p = (p 1 , . . . , p n ) removed. We denote by GH 0 θ (Σ p ) the deformation space of CGHM Minkowski structures with particles on Σ × R with fixed cone angles θ = (θ 1 , . . . , θ n ), up to diffeomorphisms on Σ × R isotopic to the identity fixing each singular line.
By studying strictly convex space-like surfaces embedded in CGHM Minkowski manifolds with particles, Bonsante and Seppi obtained a parametrisation of the deformation space GH 0 θ (Σ p ).
The correspondence between GH 0 θ (Σ p ) and T T θ (Σ p ) is obtained as follows: by assumption a CGHM Minkowski manifold M with particles contains a strictly-convex space-like surface S orthogonal to the singular locus. The parametrisation above associates to S the couple ( h, q) ∈ T θ (Σ p ), where h is the third fundamental form of S and q is the meromorphic quadratic differential with respect to the conformal class of h such that
is the traceless part of the inverse of the shape operator B on S. Moreover, the quadratic differential q and the isotopy class of h do not depend on the particular choice of the surface S.
3.1.
Relations between H-surfaces and K-surfaces in CGHM Minkowski manifolds with particles. In this subsection, we suppose that a CGHM Minkowski manifold with particles contains an embedded space-like surface S H orthogonal to the singular locus with constant mean curvature H < 0. We will show that M contains also an embedded space-like surface Σ K orthogonal to the singular lines equidistant to S H with constant Gauss curvature K = −4H 2 . We also prove that there are interesting relations between the induced metrics on S H and Σ K , and their third fundamental forms, which will play a fundamental role in Section 3.2.
We start with an a-priori estimate on the principal curvatures of S H .
Lemma 3.2. Let S H be an H-surface orthogonal to the singular locus embedded in a Minkowski manifold with particles. Then the principal curvatures µ and µ ′ of S H satisfy 2H < µ ≤ H and
Proof. By Proposition 1.4 and Proposition 2.7, the principal curvatures of S H coincide and are equal to H at the punctures. By continuity, for every ǫ > 0, we can find neighbourhoods U i of the punctures p i for i = 1, . . . n, such that the principal curvatures on ∂U i are in the interval [H − ǫ, H + ǫ]. Moreover, by choosing ǫ small enough, we can suppose that H − ǫ > 2H (note that H < 0). We denote by S ′ the surface obtained from S H by removing the open sets U i . By construction, the principal curvatures of S ′ are smooth functions. Let B be the shape operator of S ′ . We consider B 0 = B − HE, the traceless part of B. Since H is constant, the operator B 0 is Codazzi. Let e 1 and e 2 be unit tangent vectors in a orthonormal frame of S ′ that diagonalises B 0 . Since B 0 is traceless, the eigenvalues are opposite, and we will denote by λ ≥ 0 the eigenvalue of e 1 . Let ω be the connection 1-form of the Levi-Civita connection ∇ for the induced metric on S ′ , defined by the relation
The Codazzi equation for B 0 can be read as follows,
If we define β = log(λ) we obtain
Moreover, if we denote by K the Gauss curvature of S ′ , we have
where ∆ is the Laplacian that is positive at local maximum. On the other hand by the Gauss equation,
Since the surface S ′ is compact, the function β assumes maximum at a point x 0 . By the fact that ∆β(x 0 ) ≥ 0, we deduce that
Since the eigenvalues of B are µ ′ = λ + H and µ = −λ + H, we obtain the claim. Notice, moreover, that if λ assumes the value −H at some point, this point must be in the interior of S ′ (since λ = µ ′ − H ≤ ǫ < −H on ∂S ′ ). Hence, by the Maximum Principle, λ must be constant and equal to −H, but this is a contradiction, since on the boundaries of S ′ , we have
We deduce in particular that S H is always future-convex. Before proving that there exists a surface equidistant to S H , in the past of S H , with constant Gauss curvature, let us recall how the embedding data of a space-like surface (orthogonal to the singular lines) behave along the normal flow.
Lemma 3.3. Let S ⊂ M be a convex space-like surface embedded into a CGHM Minkowski 3-manifold. Let ψ t : S → M be the flow along the future-directed unit normal vector field η on S. For every regular point x ∈ S, we have (1) the induced metric and the shape operator on ψ t (S) are
and
where I and B are the induced metric and the shape operator on S. (2) the principal curvatures of ψ t (S) at the point ψ t (x) are given by
(3) ψ t is an embedding in a neighbourhood of x if t satisfies λ(x)t = 1 and µ(x)t = 1, where λ(x) and µ(x) are the principal curvatures of S at x.
Proof. Points (2) and (3) are clear consequences of the formulas in (1). Let us prove (1). It is sufficient to prove it for M = R 2,1 θ . Let σ : S → M be the embedding. The geodesic orthogonal to S at a point x = σ(y) can be written as
Then,
It is well-known that II t = − 1 2 dIt dt , hence
Remark 3.4. The previous formulas hold true also at the singular points, whenever the principal curvatures at those points are well-defined. This is always the case for H-surfaces orthogonal to the particles, since in this case the principal curvatures extend continuously at the punctures, where they assume the value H (Proposition 1.4).
We remark, in particular, that, since with our convention a future-convex spacelike surface S has always negative principal curvatures, the equidistant surfaces obtained by moving along the normal flow in the future of S are well-defined for every t. Moreover, the principal curvatures increase when moving towards the future direction.
Lemma 3.5. Let S H ⊂ M be a future-convex space-like surface, orthogonal to the singular lines. Then the equidistant surface
Proof. By Lemma 3.2 and by Lemma 3.3, the foliation by equidistant surfaces in the past of S H is well-defined for t ∈ [
2H
, 0], hence it is sufficient to show that I d(H) is a metric with cone singularities of constant curvature −4H 2 . First of all, I d(H) is a metric with cone singularities of the same cone angles as I, because S H is orthogonal to the singular lines and the surface ψ d(H) (S H ) is obtained by moving along the normal flow. By Lemma 3.3, the metric I d(H) can be written as
Since the operator B is Codazzi for I, the Levi-Civita connection for the metric
and the Gauss curvature of I d H is
We denote by g the hyperbolic metric on Σ p with cone singularities of angle θ in the conformal class of the induced metric on the surface Σ K with constant Gauss curvature K = −4H 2 discovered above. We want to study the relations among the above metric g, the induced metric I on S H and their third fundamental form III (which is the same for S H and Σ K , since they are equidistant).
We start with a probably well-known fact:
Lemma 3.6. Let I and III be the first and third fundamental form on S H as above. The identity
is harmonic with Hopf differential
where B 0 is the traceless part of the shape operator B of S H , and J I is the complex structure compatible with I.
Proof. By definition of the third fundamental form, we have
If we decompose B = B 0 + HE we obtain that the traceless part of B 2 is 2HB 0 .
Since it is Codazzi and integrable, 2HIB 0 is twice the real part of a meromorphic quadratic differential Φ G H on (Σ, J I ) with at most simple poles at the singularities (see Proposition 1.4), where J I is the complex structure compatible with I. Then we can write A similar result is obtained when considering the projection along the normal flow from the S H to the equidistant surface Σ K with K = −4H 2 . Lemma 3.7. Let g be the hyperbolic metric with cone singularities of angle θ in the conformal class of the induced metric on the surface Σ K , which is at oriented distant
where, again, B 0 is the traceless part of the shape operator B of S H and J I is the complex structure compatible with I.
Proof. By definition of the metric g we have
If we decompose B = B 0 + HE, we get that the traceless part of (2HE − B) 2 is −2HB 0 . Since it is Codazzi and integrable, −2HIB 0 is twice the real part of a meromorphic quadratic differential Φ ψ H on (Σ, J I ) with at most simple poles at the singularities (see Proposition 1.4), where J I is the complex structure compatible with I. Then we can write 
H is minimal Lagrangian (see Definition 3.8 below) and the conformal class of I is the center.
hyperbolic surfaces with cone singularities is minimal Lagrangian if there exists a conformal class c ∈ T θ (Σ p ), called the center, such that the two harmonic maps (note that they exist uniquely by [GR15, Theorem 2]) isotopic to the identity
have opposite Hopf differentials and
Minimal Lagrangian maps between hyperbolic surfaces with cone singularities (of fixed angles leas than π) have an equivalent description in terms of morphisms between tangent bundles (see e.g. [CS16, Proposition 2.12]).
Lemma 3.9. Let h, h ′ be two hyperbolic metrics with cone singularities of angle θ. 
A new parameterisation of GH
Inspired by the constructions in [KS07] , for every H ∈ (−∞, 0), we consider the map
that associates to a point (h, q) ∈ T T θ (Σ p ) the CGHM Minkowski 3-manifold with particles that contains a convex H-surface, whose induced metric I is conformal to h and whose second fundamental form is II = ℜ(q) + HI. The main result of this subsection is the following:
Theorem 3.10. The map Φ H is well-defined and is a homeomorphism for every H ∈ (−∞, 0).
Let us verify first that the map is well-defined. This means that, given a point (h, q) ∈ T T θ (Σ p ), we need to prove that it is always possible to find a smooth function u : Σ p → R which extends continuously at the punctures such that the couple (I = e 2u h, B = I −1 ℜ(q) + HE) satisfies the Gauss-Codazzi equations for surfaces embedded in Minkowski manifolds. Since H is constant, B is always a Codazzi operator for the Levi-Civita connection of I. Therefore, we only need to find u such that the Gauss equation is satisfied. A standard computation shows that
thus u is a solution of the elliptic partial differential equation
where we have denoted by B 0 = I −1 ℜ(q) the traceless part of B. Notice that, since the function u is only continuous in a neighbourhood of the punctures p, the above equation must be thought of in the weak sense. In the case where q = 0, Equation (1) reduces to
which is the standard equation for a metric in the conformal class of h with constant curvature −H 2 , hence it is well-known (see [Tro91] ) that it has a unique solution.
In order to deal with the general case, let us introduce the functional:
A standard computation shows that u is a critical point of the functional F H if and only if u is a solution of Equation (1). Since F H is the sum of four convex functionals (the third term is convex because det(h −1 ℜ(q)) ≤ 0 since it is traceless) and the first term is strictly convex, then F H is strictly convex, hence it has at most one critical point, which must be a minimum. The existence of the solution of Equation (1) is a consequence of the following technical lemma:
Lemma 3.11 (Proposition 3.7 [KS07] ). If K h ∈ (−H 2 , 0) and q is not indentically zero, then there exists a constant ǫ > 0, such that
Proposition 3.12. The map Φ H is well-defined for every H < 0.
Proof. Fix H < 0. The map Φ H is well-defined if and only if F H has a continuous minimum point u, which is smooth outside the punctures. Let u n be a sequence in L 2 (Σ p , h) minimizing the functional F H . By applying the previous proposition to the couple (2h/H 2 , q), the sequence u n remains in a ball of L 2 (Σ p , 2h/H 2 ), thus it converges weakly, up to subsequences to a limit u. By construction, u is the minimum of F , hence it is a weak solution of Equation (1). By standard regularity theory, u is smooth on Σ p and extends continuously on p.
The surface obtained from these embedding data (I = e 2u h, B = I −1 ℜ(q) + HE) has constant mean curvature H < 0 and it is future-convex by Lemma 3.2.
Proposition 3.13. The map Φ H is continuous.
Proof. We first notice that a CGHM Minkowski manifold with particles is uniquely determined by the embebbing data of an embedded strictly convex space-like surface orthogonal to the singular locus. Namely, if I and B satisfy the Gauss-Codazzi equations for surfaces embedded in Minkowski manifolds, we can consider the manifold
where g = −dt 2 +I((E −tB)·, (E −tB)·). Since B is uniformly negative, it is possible to find δ such that the metric g is non-degenerate for every t ∈ (−δ, δ). It is easy to check that g endows Σ p × (−δ, δ) with a Minkowski structure with particles, where the singular lines are {p i } × (−δ, δ). By the uniqueness of the maximal extension (see e.g. [BBS11, Proposition 6.24] for the AdS case), Σ p × (−δ, δ) is contained in a unique CGHM Minkowski 3-manifold M with particles. From this remark, we deduce that, to prove continuity of the map Φ H , it is sufficient to show that if
, provided by Lemma 3.5, converge to the embedding data (I ′ , B ′ ) of the K-surface Σ K embedded into M = Φ H (h, q). Note that here (Σ K ) n (resp. Σ K ) is the equidistant surface at oriented distance 1/(2H) from (S H ) n (resp. S H ), which is an H-surface in M n (resp. M ) with induced metric I n (resp. I) conformal to h n (resp. h) and second fundamental form II n = ℜ(q n ) + HI n (resp. II = ℜ(q) + HI), and K = −4H 2 . Let us write the induced metrics on (Σ K ) n and Σ K respectively as
where g n are hyperbolic metrics on Σ p with cone singularities of angle θ. Let us denote by III n the third fundamental form of the K-surface (Σ K ) n (which is the same as the third fundamental form of the surface (S H ) n since they are equidistant). By Lemma 3.6 the identity map
is harmonic with Hopf differential Hq n (note that the harmonicity is conformally invariant on the domain). Since h n converges to h and q n converges to q, the sequence III n ∈ T θ (Σ p ) must converge to the unique hyperbolic metric III on Σ p with cone singularities of angle θ such that the identity from (Σ p , h) to (Σ p , III) is harmonic with Hopf differential Hq. Notice that III is uniquely determined by Proposition 5.9 in [CS16] and coincide exactly with the third fundamental form of the K-surface Σ K embedded in M = Φ H (h, q). For the same reason the sequence of hyperbolic metrics g n must converge to unique g ∈ T θ (Σ p ) such that the identity map
is harmonic with Hopf differential −Hq and I ′ = 1 4H 2 g coincides with the induced metric on the K-surface Σ K embedded in M . Hence, I ′ n converges to I ′ . Moreover, the sequence of minimal Lagrangian maps isotopic to the identity
converges to the unique minimal Lagrangian map isotopic to the identity
and the corresponding bundle morphisms b n converge to b (where b n and b are given by Lemma 3.9). Since the shape operator, denoted by B ′ n , of Σ K,n can be written as B ′ n = −2Hb n , we deduce that B ′ n converges to the shape operator B ′ of Σ K and the proof is complete.
The next step towards the proof of Theorem 3.10 is the injectivity of the map Φ H . This will follow from an application of the Maximum Principle and from the behaviour of the principal curvatures of a convex surface in a Minkowski manifold along the normal flow.
Proposition 3.14. The map Φ H is injective for every H < 0.
Proof. Suppose by contradiction that Φ H is not injective for some H < 0. Then, we could find a CGHM Minkowski manifold with particles that contains two distinct H-surfaces S 1 and S 2 orthogonal to the singular lines. Up to changing the role of S 1 and S 2 , only three mutual positions for S 1 and S 2 are possible: they intersect transversely at some point; S 2 is tangent to S 1 and lies in the future of S 1 ; S 2 is disjoint from S 1 in the future of S 1 . In any case, since equidistant surfaces from S 1 provide a well-defined foliation of the future of S 1 , there exists a time t 0 > 0 such that the surface ψ t 0 (S 1 ) is tangent to S 2 and lies in the future of S 2 . Let p be the point of tangency. We need to distinguish two cases:
• if p is a regular point and we denote by H t 0 the mean curvature of ψ t 0 (S 1 ) we have H < H t 0 (p) ≤ H , where the first inequality follows by the fact that the mean curvature increases mean moving towards the future (Lemma 3.3) and the second inequality follows by the Maximum Principle ([BBZ07]);
• if p is a singular point, since all the surfaces considered here are umbilical at the intersections with the singular lines (see Proposition 1.4), the formulas of Lemma 3.3 hold and the Maximum Principle can be applied ([CS16, Proposition 3.6]), hence we obtain again
In both cases we obtain a contradiction, hence every CGHM Minkowski manifold with particles contains at most one H-surface and the injectivity of Φ H follows.
In particular, we deduce the following:
Corollary 3.15. Let M be a CGHM Minkowski manifold with particles. If M admits a foliation by constant mean curvature surfaces orthogonal to the singular lines, then it is unique.
3.2.1. Properness of the map Φ H . By the Invariance of Domain Theorem, the proof of Theorem 3.10 will follow from Proposition 3.13 and Proposition 3.14 if we show that the map Φ H is also proper.
The key technical lemma towards the proof of the properness of Φ H is the following:
Lemma 3.16. Let M n = Φ H (h n , q n ) be a convergent sequence of CGHM Minkowski manifolds with particles. Let g n be the sequence of hyperbolic metrics in the conformal class of the induced metrics on the surfaces (Σ f (H) ) n ⊂ M n with constant Gauss curvature f (H) = −4H 2 , obtained from Lemma 3.5. If the metrics g n are contained in a compact set of T θ (Σ p ), then the sequence (h n , q n ) converges up to subsequences.
Proof. By Theorem 3.1, the third fundamental forms III n ∈ T θ (Σ p ) of the surfaces (Σ f (H) ) n are contained in a compact subset of T θ (Σ p ). It is proved in Lemma 3.19 of [CS16] , that if g n and III n converge in T θ (Σ p ), then the minimal Lagrangian diffeomorphisms m n : (Σ p , g n ) → (Σ p , III n ) isotopic to the identity converge to the minimal Lagrangian map m : (Σ p , g) → (Σ p , III) isotopic to the identity. In addition, the sequence of centers c n converges to the center c, and the Hopf differentials of the harmonic maps involved in the definition (see Definition 3.8) of m n and m converge. Now, the centers c n are exactly the conformal classes of the induced metrics I n on the surfaces (S H ) n with constant mean curvature H by Lemma 3.6 and Lemma 3.7, hence h n converge in T θ (Σ p ). Moreover, by Lemma 3.6, the Hopf differential of the harmonic map from (Σ p , c n ) to (Σ p , III n ) is, up to a multiplicative constant, exactly q n . Therefore, the sequence q n converges.
The following constructions will help us prove that the sequence g n is contained in a compact set. We first give a description of the positions of two convex spacelike surfaces embedded in a CGHM Minkowski manifold with particles, which is an adaption of Lemma 5.7 in [CS17] for de Sitter manifolds and Proposition 5.4 in [Tam16b] for anti-de Sitter manifolds.
Lemma 3.17. Let S 1 and S 2 be two convex space-like surfaces embedded in a CGHM Minkowski manifold with particles, orthogonal to the singular lines. Suppose that S 1 and S 2 are umbilical at the intersection with the singular locus. Then, if the infimum of the Gauss curvature of S 1 is strictly bigger than the supremum of the Gauss curvature of S 2 , then S 1 is in the future of S 2 .
Proof. Suppose by contradiction that S 1 is not contained entirely in the future of S 2 . Since the foliation by equidistant surfaces is well-defined in the future of S 1 , there exists a time t ≥ 0 such that S t 1 := ψ t (S 1 ) is tangent to S 2 at a point p and S 1 lies in the future of S 2 . We distinguish two cases:
• if p is a singular point, from the classical Maximum Principle ([BBZ07]) we deduce that
Moreover, by Lemma 3.3 the Gauss curvature increases when moving towards the future, thus we obtain
which contradicts our assumption.
• if p is a singular point, since S 1 is umbilical at the singular points, also S t 1 is, hence we can apply the Maximum Principle for convex umbilical surfaces ([CS16, Lemma 3.12]) and conclude by the same argument as above.
We want to construct a strictly future-convex space-like surface S embedded in a CGHM Minkowski manifold with particles M starting from the data ( h, q) provided by Theorem 3.1 with a precise control on the Gauss curvature of S. For every L < 0, we define the following objects
Proposition 3.18. The following facts hold.
(1) I is a metric that carries cone singularities of angles θ at p; (2) for every constant C > 0, we can choose L < 0 such that B is negative definite and det( b) > 1 C . (3) the couple (I, B) satisfies the Gauss-Codazzi equations for convex space-like surfaces embedded in Minkowski manifolds; (4) the CGHM Minkowski manifold with particles that contains a surface S with embedding data (I, B) is exactly M ; (5) S is umbilical at the intersection with the singular lines; (6) the Gauss curvature of S satisfies −C < K I < 0.
Proof. Point (1) is exactly Theorem E in [BS16b] .
(2) A simple computation shows that
Hence, it is sufficient to choose
Notice that the square root is always well-defined because, since b 0 is traceless, it has negative determinant. Moreover, B is negative definite, as
(3) Since M is constant, b is Codazzi for h. We deduce that the Levi-Civita connection of the metric I is ∇ I = b −1 ∇ h b (where ∇ h is the Levi-Civita connection of h) and
Moreover, the Gauss curvature of I satisfies
(4) Since the operator B is negative definite, there exists δ > 0 such that the metric
is well-defined for t ∈ (−δ, δ). It is not difficult to check that
) is a Minkowski manifold with particles and the level {t = 0} is a space-like surface orthogonal to the singular locus with embedding data (I, B). For the existence and uniqueness of the maximal extension, M δ is contained in a unique CGHM Minkowski manifold with particles M ′ . In order to check that M ′ = M , it is sufficient to show that the data provided by Theorem 3.1 for M and M ′ coincide. We know that the data corresponding to M are ( h, q) ∈ T T θ (Σ p ). The data for M ′ are provided by any convex space-like surface in M ′ orthogonal to the particles. If we choose S, we know that its third fundamental form is
and the traceless part of the inverse of B is b 0 by construction, hence the corresponding quadratic differential is again q. (5) We need to check that at the singular points the eigenvalues of B extend continuously and coincide. By Proposition 1.4, b extends continuously at the singular points and the eigenvalues both tend to L. Since the eigenvalues of B are the inverse of the eigenvalues of B, the claim follows. (6) By the Gauss equation and point (2) and (3) we have
We have now all the ingredients to prove the main result of this paragraph:
Proposition 3.19. The map Φ H is proper.
Proof. We need to prove that if M n = Φ H (h n , q n ) converges, then also (h n , q n ) ∈ T T θ (Σ p ) converges up to subsequences. By Theorem 3.1, we know that the corresponding data ( h n , q n ) ∈ T T θ (Σ p ) converge. By construction, each manifold M n contains a convex space-like surface (S H ) n orthogonal to the singular locus with constant mean curvature H and a convex space-like surface (Σ f (H) ) n orthogonal to the singular locus with constant Gauss curvature f (H) = −4H 2 . Let us denote by g n the hyperbolic metric in the conformal class of the induced metric on (Σ f (H) ) n . By Lemma 3.16, it is sufficient to show that the sequence g n is contained in a compact set of T θ (Σ p ). For every L < 0 we define the objects ( b 0 ) n , b n , I n and III n as above. Since the sequences q n and h n converge, there exists a constant C ′ > 0 such that
With this choice, the surfaces S n ⊂ M n with the embedding data (I n , B n ) (see Proposition 3.18) have Gauss curvature uniformly bounded from below:
By Lemma 3.17, the surfaces S n ⊂ M n are contained in the future of the surfaces (Σ f (H) ) n . Since the metrics induced on future convex space-like surfaces increase when moving towards the future ([Bel14, Proposition 4.2]), we deduce that 1 4H 2 g n ≤ I n . Now, if the sequence g n were not contained in a compact set of T θ (Σ p ), there would exist a simple closed geodesic γ such that ℓ gn (γ) → ∞. But this not possible, since the sequence ℓ gn (γ) is bounded by ℓ In (γ) and the sequence of metrics I n is clearly convergent by construction.
Foliations in CGHM Minkowsky manifolds with particles.
A direct consequence of Theorem 3.10 is the following:
Corollary 3.20. Let M be a CGHM Minkowski manifold with particles. Then for every H < 0, there exists a convex space-like surface S H orthogonal to the singular lines with constant mean curvature H.
We deduce then from Lemma 3.5 also the existence of surfaces with constant Gauss curvature.
Corollary 3.21. Let M be a CGHM Minkowski manifold with particles. Then for every K < 0, there exists a convex space-like surface Σ K orthogonal to the singular lines with constant Gauss curvature K.
The aim of this section is proving that these two families {S H } H<0 and {Σ K } K<0 provide a foliation of the whole manifold M . Let us start with the family of surfaces with constant Gauss curvature.
Theorem 3.22. Every CGHM Minkowski manifold with particles M has a unique foliation by constant Gauss curvature surfaces {Σ K } K<0 orthogonal to the singular lines.
Proof. We already know that in M we can find a family of constant Gauss curvature surfaces Σ K for K < 0. Let us first prove uniqueness. Suppose that M contains two convex space-like surfaces Σ K and Σ ′ K orthogonal to the singular lines with constant Gauss curvature K. Up to changing the role of Σ K and Σ ′ K only three mutual position are possible:
K and lies in the future of Σ ′ K ; or Σ K and Σ ′ K intersect transversely. In any case, since the surfaces equidistant to Σ ′ K in the future provide a well-defined foliation of the future of Σ ′ K , there exists a time t > 0 such that the surface ψ t (Σ ′ K ) obtained by pushing Σ ′ K along the normal flow is tangent to Σ K at a point p and lies in the future of Σ K . We distinguish two cases:
• if p is a regular point, by the Maximum Principle and Lemma 3.3 we deduce that
and we obtain a contradiction.
• If p is a singular point, since K-surfaces are umbilical at the intersection with the singular lines, we can apply again Lemma 3.3 and the Maximum Principle for umbilical surfaces ([CS16, Lemma 3.12]) and conclude as above.
We are left to prove that the family {Σ K } K<0 foliates the manifold. Let us first prove that the union of Σ K over all K < 0 foliates a domain in M , called Ω. To this aim, it is sufficient to show that if K n converges to K, then Σ Kn converges to Σ K uniformly. We will actually prove more: we will show that the convergence is also smooth outside the singular lines. Without loss of generality we can suppose that K n is decreasing and converging to K. This implies that the surface Σ Kn lies in the future of Σ K n+1 and they all lie in the future of the surface Σ K ′ for some K ′ < K. This kind of sequence of convex space-like surfaces has already been studied in [BBZ11] . In particular, the authors proved (Theorem 3.6 and Corollary 3.8 in [BBZ11] ) that the boundary of the closure of the union of I + (Σ Kn ) over all n is a convex space-like surface Σ ∞ . Let us denote by σ ∞ : Σ p → M the embedding such that σ ∞ (Σ p ) = Σ ∞ . Let ψ n : Σ ∞ → Σ Kn be the homeomorphisms obtained by following the normal flow. We define σ n = ψ n • σ ∞ . We claim that σ n converges to σ ∞ in the C ∞ topology outside the singular locus and that Σ ∞ has constant Gauss curvature K. The induced metrics on Σ n can be written as
where h n is a hyperbolic metric with cone singularities at p of angles θ, since all surfaces Σ Kn are orthogonal to the singular locus. Since the metrics induced on convex space-like surfaces embedded in Minkowski manifold increase when moving towards the future ([Bel14, Proposition 4.2]) we have that
for every simple closed curve γ on Σ p . Therefore, we have
which implies that the metrics σ * n h n are contained in a compact set of T θ (Σ p ). Thus, up to extracting a subsequence, the metrics σ * n h n converges to a hyperbolic metric h ∞ ∈ T θ (Σ p ) smoothly outside the singular locus. Following again [BBZ11] , for each regular point x ∈ Σ ∞ there exists a sequence x n ∈ Σ Kn , such that x n converges to x and the unit normal of Σ Kn at x n converges to the unit normal of Σ ∞ at x. This implies that the sequence of 1-jets of σ n converges. Now, from the proof of Theorem 5.6 in [Sch96] it follows that if σ n were not convergent to σ ∞ in the C ∞ topology, the surface Σ ∞ would be pleated along a geodesic γ (which may be a geodesic segment between singular points) and tangent to a light-like plane somewhere outside γ. This implies that Σ ∞ admits a light-like unit normal, which contradicts the fact that Σ ∞ is space-like. Therefore, σ n converges to σ ∞ in the C ∞ topology outside the singular locus and the induced metric on Σ ∞ is
which has constant curvature K. Then Σ ∞ must coincide with Σ K by uniqueness. We now claim that Ω = M . It is sufficient to show that if K n → −∞, then the union of I + (Σ Kn ) is the whole manifold and if K ′ n → 0 then the union of I − (Σ K ′ n ) is exactly M . We will do the proof for the first case, the other being analogous. If the union D of I + (Σ Kn ) does not coincide with M , then the boundary ∂D is a convex space-like surface. In particular, the area of Σ Kn cannot tend to 0. On the other hand, the Gauss-Bonnet formula for surfaces with cone singularities ([Tro91, Proposition 1]) shows that
and this gives a contradiction. Moreover, by Lemma 3.17, the surfaces Σ K and Σ K ′ are disjoint from each other for all K = K ′ ∈ (−∞, 0). This completes the proof.
We deduce that also the family {S H } H<0 must foliate the whole manifold.
Theorem 3.23. Every CGHM Minkowski manifold with particles M has a unique foliation by constant mean curvature surfaces {S H } H<0 orthogonal to the singular lines.
Proof. Uniqueness was proved in Corollary 3.15. We first prove that the union of S H over H < 0 foliates a domain in M , say Ω. To this aim it is sufficient to show that if H n is a sequence converging to H ∈ (−∞, 0), then the surface S Hn converges to S H . Without loss of generality we can suppose that H n is decreasing and converges to H. Let Σ Kn and Σ K be the space-like surfaces, orthogonal to the singular lines, with constant Gauss curvature K n and K respectively, from which the surfaces S Hn and S H are constructed. This means that S Hn is in the future of Σ Kn at signed time-like distance d(H n ) = 1/2H n . Let us denote by σ n : Σ p → M the embedding such that σ n (Σ p ) = Σ Kn and similarly σ ∞ : Σ p → M such that σ ∞ (Σ p ) = Σ K , as described in the proof of Theorem 3.22. By Theorem 3.22, we know that σ n converges to σ ∞ uniformly everywhere and smoothly outside the singular locus. Now, by construction the following map f n : Σ p → M is an embedding such that f n (Σ p ) = S Hn :
where ψ t denotes the translation along the normal flow. Since σ n converges to σ ∞ uniformly and the surfaces are future-convex, then for every q ∈ Σ p , the unit normal of Σ Kn at σ n (q) converges to the unit normal of Σ K at σ ∞ (q) (if q is a singular point, the unit normal is the direction of the singular line). This, together with the continuity of the function d, implies that ψ d(Hn) • σ n converges to ψ d(H) • σ ∞ uniformly, and this proves the claim. We are now left to prove that Ω = M . Let us suppose by contradiction that
Then there exists a point p ∈ M \ D − . Since the family of K-surfaces Σ K foliates M , there exists K < 0 such that p ∈ Σ K . Now, by definition of Σ K , the surface S H with constant mean curvature H = f −1 (K) lies in the future of Σ K , hence p ∈ I − (S H ) and we get a contradiction. Viceversa, if
the surface S + = ∂D + would be a convex space-like surface embedded in M (see [BBZ11] ). By studying the functions f and d defined in Lemma 3.5, it is easy to see that for every ǫ > 0 there exist K ǫ < 0 such that for every K < K ǫ , the constant Gauss curvature surface Σ K is at time-like distance less than ǫ from the corresponding constant mean curvature surface S f −1 (K) . Let us choose ǫ > 0 such that there exists a point p ∈ M \ D + at time-like distance bigger than 2ǫ from S + that lies on a surface Σ K for K < K ǫ . The existence of such ǫ is guaranteed by the fact that the family {Σ K } K<0 foliates the whole manifold and Σ K is in the past of
This gives the contradiction: the surface Σ H corresponding to the surface Σ K , on which p lies, is not entirely contained in D + by construction. Moreover, note that S H can be constructed from the constant Gauss curvature surface Σ f (H) as the equidistant surface at signed time-like distance d(f −1 (K)) in the future. Combined with the uniqueness of S H for each H < 0 (see Corollary 3.15) and the fact that Σ K and Σ K ′ are disjoint from each other for all K = K ′ ∈ (−∞, 0), it follows that the surfaces S H and S H ′ are disjoint from each other for all H = H ′ ∈ (−∞, 0). This completes the proof.
The anti-de Sitter case
This section is dedicated to the proof of the following result:
Theorem 4.1. Let M be a CGHM AdS manifold with particles. For every H ∈ (−∞, +∞), there exists a unique space-like surface S H embedded in M , orthogonal to the singular lines and with constant mean curvature H. Moreover, the surfaces {S H } H∈R provide a foliation of the manifold M .
The starting point of the proof is the following recent result proved by the first author in a joint work with Jean-Marc Schlenker:
. Let M be a CGHM AdS manifold with particles. For every K ∈ (−∞, −1) there exists a unique past-convex space-like surface Σ K orthogonal to the singular lines and with constant Gauss curvature K. Moreover, the surfaces {Σ K } K∈(−∞,−1) provide a C 2 -foliation of the future of the convex core of M outside the singular locus.
The main idea of the proof of Theorem 4.1 is based on the observation that there exist two functions d : (−∞, −1) → R + and f : (−∞, −1) → R such that, given a K-surface Σ K , a surface parallel to Σ K , in the past of Σ K at time-like distance d(K) has constant mean curvature f (K). This will imply that we can find a surface S H of constant mean curvature H for every H ∈ R and then we deduce that the family {S H } H∈R must foliate the whole manifold M by Theorem 4.2.
We first recall the following well-known result about the behaviour of the principal curvatures along the normal flow: Lemma 4.3 (Lemma 3.11 [CS16] ). Let S ⊂ M be a past-convex space-like surface embedded into a CGHM AdS manifold with particles. Let ψ t : S → M be the flow along the future-directed unit normal vector field η on S. For every regular point x ∈ S, we have (1) ψ t is an embedding in a neighbourhood of x if t satisfies λ(x) tan(t) = 1 and µ(x) tan(t) = 1, where λ(x) and µ(x) are the principal curvatures of S at x; (2) the principal curvatures of ψ t (S) at the point ψ t (x) are given by
Remark 4.4. The previous formula hold true also at the singular points, whenever the principal curvatures at those points are well-defined.
We underline in particular that, since with our convention a past-convex spacelike surface S has always positive principal curvatures, the equidistant surfaces ψ t (S) obtained by moving along the normal flow on the past of S are well-defined for every t < 0. Moreover, the principal curvatures of the equidistant surface decrease when moving towards the past.
Lemma 4.5. Let Σ K be a past-convex space-like surface with constant Gauss curvature K, orthogonal to the singular lines. Then the surface ψ −d(K) (Σ K ) in the past of Σ K has constant mean curvature
Let us denote by λ and µ the principal curvatures of the surface Σ K . By assumption (and by the Gauss equation) the product κ = λµ is constant. Let us denote by λ t and µ t the principal curvatures of the surface ψ t (Σ K ). We need to show that there exists a time t < 0, such that the mean curvature H t = µt+λt 2 is constant on ψ t (Σ K ). To prove this, it suffices to find t < 0 such that dH t = 0. By the previous lemma, we have
This vanishes identically if and only if
By substituting µ = κ λ in (2) and using the fact that
and the claim follows from the Gauss equation κ = −1 − K. The formula for the mean curvature follows then by a direct computation using the previous lemma:
where we used many times the fact that λµ = κ and in the last equality we used the Gauss formula κ = −1 − K.
Therefore, we can define two continuous functions
with the property that, given a past-convex space-like surface Σ K with constant Gauss curvature K and orthogonal to the singular locus, the equidistant surface S H in the past of
By studying the image of the function f we easily deduce (using Theorem 4.2) the following:
Corollary 4.6. Given a CGHM AdS manifold with particles M , for every H ∈ R there exists a space-like surface S H orthogonal to the singular locus, with constant mean curvature H.
Notice that the surface S H obtained in this way is umbilical, i.e. the principal curvatures extend continuously and coincide, at the singular points. In fact, the Ksurface Σ K , provided by Theorem 4.2, is umbilical at the singular points (Proposition 3.6 [CS16] ) and S H is obtained by pushing Σ K along the normal flow, hence the claim follows from Lemma 4.3 and Remark 4.4. This property is actually true for every space-like surface S, orthogonal to the singular lines and with constant mean curvature, as the following lemma shows. This will be crucial in order to apply the Maximum Principle in this singular context. Lemma 4.7. Let S be a space-like surface, orthogonal to the singular locus, with constant mean curvature H, embedded in a CGHM AdS manifold with particles. Then the principal curvatures of S at the singular points coincide and are equal to H.
Proof. If B is the shape operator of S and we decompose B = B 0 + HE, where B 0 is traceless, and Codazzi for I (since H is constant, and B is Codazzi for I). By Proposition 1.4 and Proposition 2.7, the eigenvalues of B 0 tend to 0 at the singular points and the claim follows.
Let S H denote the surface in a CGHM AdS manifold with particles M obtained from the past-convex space-like surface Σ K with constant curvature K < −1 with f (K) = H as constructed in Lemma 4.5. We have the following proposition.
Proposition 4.8. The surfaces {S H } H∈R foliate the whole manifold M .
Proof. Let Ω be the union of the constant mean curvature surfaces S H over all H ∈ R. An argument similar to that of Proposition 3.23 shows that if H n is a sequence converging to H ∈ (−∞, +∞), then the surface S Hn converges to S H uniformly everywhere and smoothly outside the singular locus.
We now prove that the region Ω must coincide with the whole manifold M . Suppose that the family {S H } H∈R does not foliate completely the past of the maximal surface of M (the maximal surface exists uniquely, see [Tou16, Theorem 1.4]). Let us denote by C(M ) the convex core of M . By assumption and the above result, there exists δ > 0 such that
where d AdS denotes the causal distance induced by the metric on M . A contradiction will follow if we prove that we can find H < 0 such that the surface S H is at time-like distance bigger than π 2 − 3δ from the upper-boundary of the convex core. Since
we can find a surface Σ Kǫ with constant Gauss curvature −1 − ǫ such that
and the surface Σ Kǫ lies in a δ-neighbourhood of the upper boundary of the convex core. This last property is guaranteed by Theorem 4.2: when the curvature tends to −1, the constant curvature surface converges uniformly to the boundary of the convex core of M . Now, by Lemma 4.5, the equidistant surface S ǫ at time-like distance d(−1 − ǫ) from Σ Kǫ is orthogonal to the singular lines, has constant mean curvature f (−1 − ǫ) and belongs to the family {S H } H∈R . On the other hand, the time-like distance between S ǫ and the upper-boundary of the convex core is bigger than π/2 − 2δ by construction.
In a similar way we can exclude that the family {S H } H∈R does not foliate the entire future of the maximal surface of M . If this were the case, there would exist ǫ > 0 such that the upper boundary of Ω would be at time-like distance less than π 2 − 3ǫ from the lower-boundary of the convex core. Since lim
then there exists K 0 < 0 such that for every K < K 0 , the constant mean curvature surface S f (K) is at time-like distance less than ǫ from the correspondent K-surface Σ K . By Theorem 4.2, we can find a point p ∈ M such that
and such that p ∈ Σ K for some K < K 0 . But now, the point
obtained from p by following the normal flow is at time-like distance greater than π 2 − 2ǫ from the lower-boundary of the convex core. But this contradicts the fact that
Note that Σ K is disjoint from any other Σ K ′ for all K ′ = K ∈ (−∞, −1) (see Theorem 4.2). Combined with the construction of S H , it follows that S H is disjoint from any other S H ′ for all H = H ′ ∈ R.
Combining all the results above, the proposition follows.
We then deduce that this foliation is unique by an application of the Maximum Principle.
Proposition 4.9. The foliation by constant mean curvature surfaces {S H } H∈R is unique.
Proof. It is sufficient to prove that, if S is a space-like surface, orthogonal to the singular locus, with constant mean curvature H, then S must coincide with the surface S H in the foliation. We can define a continuous function F : M → R such that for every H ∈ R, the level set F −1 (H) is the H-surface S H in the foliation provided by the previous proposition. Since S is compact, the function F admits a minimum H min and a maximum H max on S. By construction the surface S H min is tangent to S at a point p min , the surface S Hmax is tangent to S at a point p max , S H min is in the past of S and S Hmax is in the future of S. We have to distinguish three cases:
(1) p min and p max are both non-singular points. In this case, by the classical Maximum Principle ( [BBZ07] ), the mean curvature of S is not bigger than the mean curvature of S H min at the point p min and the mean curvature of S is not smaller than the mean curvature of S Hmax at the point p max . Since S has constant mean curvature H we deduce that
Hence, F is constant on S and S coincides with the level set F −1 (H), as claimed. (2) p min and p max are both singular points. Since S, S H min and S Hmax are all umbilical at the singular points, we can apply again the Maximum Principle (Lemma 3.12 [CS16] ) and deduce that
The conclusion then follows as before. (3) if only one between p min and p max is a singular point, we can conclude by combining the two previous arguments.
4.1. Application to landslides. In [BMS13] the authors introduced an S 1 -action on the product of two copies of the Teichmüller space of a closed, oriented surface of genus τ ≥ 2. This construction was later extended by [CS16] to the case of surfaces with cone singularities of angles less than π. In the original definition, this landslide flow had an interpretation in terms of constant Gauss curvature surfaces embedded in CGHM AdS manifolds (possibly with particles). Then, the second author proved in [Tam16a] that landslides can also be induced by constant mean curvature surfaces. The proof presented there can be easily adapted in this singular context.
between hyperbolic surfaces with cone singularities is an α-landslide if there exists a conformal structure c on Σ p (called the center ) and two harmonic maps isotopic to the identity (fixing the marked points) g :
Landslides are related to the aforementioned
, there exists a unique conformal class c on Σ p such that the unique harmonic maps g : (Σ p , c) → (Σ p , h) and g ′ : (Σ p , c) → (Σ p , h ′ ) isotopic to the identity have opposite Hopf differentials. For every e iα ∈ S 1 we can thus define
where
are characterised by the fact that the unique harmonic maps isotopic to the identity g α :
−α is an α-landslide with the center c.
A natural way to construct diffeomorphisms between hyperbolic surfaces is provided by AdS geometry (see for instance [BS10] , [BS16a] , [Tam16a] for more details). Let S ⊂ M be a space-like surface embedded into a CGHM AdS manifolds with particles, orthogonal to the singular lines. We can construct two hyperbolic metrics on Σ p from the embedding data of S:
where J is the unique complex structure compatible with the induced metric on S and E : T S → T S is the identity operator. It was verified ( [KS07] ) that h l and h r carry cone singularities of the same angle θ i at the points p i as the surface S. Let us denote by π l,r : (Σ p , I) → (Σ p , h l,r ) the identity maps. In [BMS13] the authors proved that if S is a space-like surface with constant Gauss curvature − 1 cos 2 (α/2)
, then π l •π −1 r is an α-landslide. This result was then extended to the case with conical singularities in [CS16] . We prove that landslides between hyperbolic metrics with cone singularities (of angles less than π) can also be constructed in terms of constant mean curvature surfaces embedded in CGHM AdS manifolds with particles.
Proposition 4.11. Let S ⊂ M be a space-like surface embedded in a CGHM AdS manifold orthogonal to the singular lines. If S has constant mean curvature H, then the map π l • π −1 r is an α-landslide, where
Proof. It is sufficient to prove that π l,r : (Σ p , I) → (Σ p , h l,r ) are harmonic with
Hopf(π l ) = e 2iα Hopf(π r ) .
In order to prove that π r is harmonic, it is sufficient to prove that if we write π * r h r = I(·, b·) , then the traceless part of b is Codazzi for I. By definition of the map π r , we know that
where (E−JB) * denotes the adjoint operator of (E−JB) for the metric I. Since B is I-self-adjoint and J is skew-symmetric for I, we deduce that (E − JB) * = (E + BJ), thus b = (E +BJ)(E −JB). Let us now decompose the operator B as B = B 0 +HE, where B 0 is traceless. Then
where, in the last line, we have used the fact that B 2 0 = λ 2 E, λ being the positive eigenvalue of B 0 . We deduce that the traceless part b 0 of b is given by b 0 = 2(HE − J)B 0 , which is Codazzi because H is constant, B is Codazzi and J is integrable and compatible with the metric I (hence d ∇ I J = 0). Therefore, Ib 0 is the real part of a meromorphic quadratic differential 2Φ r and the metric π * r h r can be written as π * r h r = I(·, b·) = e r I + Φ r + Φ r for some function e r : Σ p → R + , which is the energy density of the map π r . Since Φ r is holomorphic for the complex structure J, this shows that π r is harmonic with Hopf differential
With the result in [Tam16a] , it suffices to check near the cone singularities. In the conformal coordinate z near p i for I, we have I = e 2u i |z| 2β i |dz| 2 and
Hopf(π r ) = e 2u i |z|
A similar computation shows that π l is harmonic with Hopf differential
We deduce that
r is an α-landslide.
The de-Sitter case
The main result of this section is the following:
Theorem 5.1. Let M be a CGHM de Sitter manifold with particles. For every H ∈ (−∞, −1), there exists a unique space-like surface S H embedded in M , orthogonal to the singular locus and with constant mean curvature H. Moreover, the surfaces (S H ) H∈(−∞,−1) provide a foliation of the manifold M (with H varying from −∞ near the initial singularity to −1 near the boundary at infinity).
To prove this, we will use the following recent result proved by the first author in a joint work with Jean-Marc Schlenker:
Theorem 5.2 ([CS17]). Let M be a CGHM de Sitter manifold with particles. For every K ∈ (−∞, 0) there exists a unique future-convex space-like surface Σ K orthogonal to the singular locus and with constant Gauss curvature K. Moreover, the surfaces (Σ K ) K∈(−∞,0) provide a C 2 -foliation of M outside the singular locus (with K varying from −∞ near the initial singularity to 0 near the boundary at infinity).
The main idea of the proof of Theorem 5.1 is similar to that for AdS case. We will verify that there exist two functions δ : (−∞, 0) → R + and ξ : (−∞, 0) → R such that, given a K-surface Σ K , the surface equidistant to Σ K in the future of Σ K at time-like distance δ(K) has constant mean curvature ξ(K). Moreover, we will show that ξ(K) takes value over (−∞, −1) as K takes value over (−∞, 0). This implies that we find a surface S H of constant mean curvature H in M for every H < −1. Then we deduce that the family (S H ) H∈(−∞,−1) must foliate the whole manifold M by Theorem 5.2. Now we recall the behavior of the principal curvatures of the equidistant space-like surfaces in a CGHM de Sitter manifold with particles along the normal flow:
Lemma 5.3. Let S be a future-convex space-like surface embedded into a CGHM de Sitter manifold M with particles. Let ψ t : S → M be the flow along the future-directed unit normal vector field η on S. For every regular point x ∈ S, we have (1) the induced metric and the shape operator on ψ t (S) are
(3) ψ t is an embedding in a neighbourhood of x if t satisfies tanh(t)λ(x) = 1 and tanh(t)µ(x) = 1, where λ(x) and µ(x) are the principal curvatures of S at x. (4) If λ(x)µ(x) > 1, then the function F (t) = λ t (ψ t (x))µ t (ψ t (x)) is strictly decreasing in (0, +∞).
Proof. Since Statements (2), (3) and (4) follow by a direct computation from Statement (1), we just prove (1). It is sufficient to prove it for M = dS θ . Let σ : S → M be the embedding. The geodesic orthogonal to S at a point x = σ(y) can be written as γ x (t) = cosh(t)σ(y) + sinh(t)η(σ(y)) . t II t = cosh(t)E − sinh(t)B −1 cosh(t)B − sinh(t)E .
Remark 5.4. The formulas in Lemma 5.3 hold true also at the singular points, whenever the principal curvatures at those points are well-defined.
Note that with our convention a future-convex space-like surface S has always negative principal curvatures, thus the equidistant surfaces ψ t (S) obtained by moving along the normal flow in the future of S are well-defined for every t > 0.
Lemma 5.5. Let Σ K be a future-convex space-like surface with constant Gauss curvature K < 0, orthogonal to the singular lines. Then the surface ψ δ(K) (Σ K ) in the future of Σ K has constant mean curvature
Denote by λ and µ the principal curvatures of the surface Σ K . By assumption (and by the Gauss equation) the product κ = λµ is constant. Denote by λ t and µ t the principal curvatures of the surface ψ t (Σ K ). We want to show that there exists a time t > 0, such that the mean curvature H t = µt+λt 2 is constant on ψ t (Σ K ). To prove this, it suffices to find t > 0 such that dH t = 0. By Lemma 5.3, we have 2dH t = (dλ t + dµ t ) =
(1 − tanh 2 (t))dλ
(1 − tanh(t)λ) 2 + (1 − tanh 2 (t))dµ
(1 − tanh(t)µ) 2 .
This vanishes identically if and only if 0 = dµ(1 − tanh 2 (t))(1 − λ tanh(t)) 2 + dλ(1 − tanh 2 (t))(1 − µ tanh(t)) 2 = (1 − tanh 2 (t))[dµ(1 + λ 2 tanh 2 (t)) + dλ(1 + µ 2 tanh 2 (t))]
− 2(1 − tanh 2 (t)) tanh(t)(λdµ + µdλ) .
By substituting µ = κ λ in (3) and using the fact that 0 = d(κ) = d(λµ) = µdλ + λdµ, we get 0 = 1 λ 2 (1 − tanh 2 (t))(−κdλ + λ 2 dλ − κ tanh 2 (t)λ 2 dλ + κ 2 tanh 2 (t)dλ) = dλ λ 2 (1 − tanh 2 (t))(λ 2 − κ)(1 − κ tanh 2 (t)) .
Let δ(K) denote the time function t with respect to K for which 1 − κ tanh 2 (t) = 0. Its expression follows from the Gauss equation that κ = 1 − K. The formula for the mean curvature follows then by a direct computation using the Lemma 5.3: 
where we used the fact that λµ = κ and in the last equality we used the Gauss formula κ = 1 − K.
Therefore, we can define two continuous functions δ : (−∞, 0) → R + and ξ : (−∞, 0) → R with the property that, given a future-convex space-like surface Σ K with constant Gauss curvature K < 0 and orthogonal to the singular locus, the equidistant surface S H in the future of Σ K at time-like distance δ(K) has constant mean curvature H = ξ(K). Note that the function ξ takes over (−∞, −1) as K takes over (−∞, 0), combined with Theorem 5.2, we have the following:
Corollary 5.6. Given a CGHM de Sitter manifold with particles, for every H < −1 there exists a space-like surface S H orthogonal to the singular locus, with constant mean curvature H.
Observe that the surface S H obtained in this way is umbilical (i.e. the principal curvatures extend continuously and coincide) at the singular points. Indeed, the K-surface Σ K , provided by Theorem 5.2, is umbilical at the singular points, which follows from the dual result in [CS16, Theorem 1.5]. See also [CS16, Section 6.2]. Moreover, S H is obtained by pushing Σ K along the normal flow, hence the claim follows from Lemma 5.3 and Remark 5.4. This property actually holds for every space-like surface S of constant mean curvature, orthogonal to the singular lines (see the following lemma, which follows from the same argument as Lemma 4.7 for the AdS case). This will be crucial in order to apply the Maximum Principle in this singular context. Lemma 5.7. Let S be a space-like surface, orthogonal to the singular locus, with constant mean curvature H, embedded in a CGHM de Sitter manifold with particles. Then the principal curvatures of S at the singular points coincide and are equal to H.
Let S H denote the surface in a CGHM de Sitter manifold with particles M obtained from the future-convex space-like surface Σ K with constant curvature K < 0 with ξ(K) = H as constructed in Lemma 5.5. We have the following proposition.
Proposition 5.8. The surfaces {S H } H∈(−∞,−1) foliate the whole manifold M .
Proof. Let Ω be the union of the constant mean curvature surfaces S H over all H ∈ (−∞, −1). The same argument as that of Proposition 3.23 shows that if H n is a sequence converging to H ∈ (−∞, +∞), then the surface S Hn converges to S H uniformly everywhere and smoothly outside the singular locus.
We now prove that the region Ω must coincide with the whole manifold M . Recall that if K n → 0, the time-like distance from the surface Σ Kn to the initial singularity of M tends to infinity (this is a dual description for the de Sitter case of Statement (2) in [CS17, Lemma 5.16]). Combined with the construction of S Hn from Σ Kn , we have ∪ n I − (S Hn ) = M . In particular, H n → −1 as K n → 0.
It remains to show that if H n → −∞, then ∪ n I + (S Hn ) = M . Otherwise, there exists a point, say x, in M which is not contained in the future of surfaces S Hn for any n. Let D be the maximal distance from x to the initial singularity of M .
Theorem 5.2 implies that there exists a surface Σ K N of constant Gauss curvature K N for N large enough such that δ(K N ) < D/2 (this is ensured by the fact that δ(K n ) = arctanh 1 1−Kn tends to 0 as K n tends to −∞), lying within a time-like distance less than D/2 from the initial singularity of M . Therefore, the equidistant surface S H N in the future at a distance δ(K N ) from Σ K N , lies within a time-like distance strictly less than D from the initial singularity. This implies that x is in the future of S H N , which leads to contradiction.
Note that Σ K is disjoint from any other Σ K ′ for all K ′ = K ∈ (−∞, 0) (see Theorem 5.2). Combined with the construction of S H , it follows that S H is disjoint from any other S H ′ for all H = H ′ ∈ (−∞, −1).
Note that the argument using the Maximum Principle in Proposition 4.9 for the AdS case is also adapted to the de Sitter case. We have the following result.
Proposition 5.9. The foliation of a CGHM de Sitter manifold with particles by constant mean curvature surfaces is unique.
Combined with Proposition 5.8 and Proposition 5.9, we complete the proof of Theorem 5.1.
